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Abstract 

We reproduce the correspondence between open string states |?7,) and BMN oper- 
^ ' ators On in A/" = 2 supersymmetric gauge theory using a worldsheet computation with 

the relation {B\n) = On, where {B\ is a boundary state of D3-branes. We regard the 
NS ground states and their excitations with respect to a bosonic oscillator as the states 
\n) and obtain a chiral operator and BMN operators, respectively, in correspondence 
to them. Because we take the coupling constant to be weak and the background space- 
time to be flat Minkowski, not AdS, the string states |n) are circular waves around 
the D3-branes, instead of KK modes on S^. We also discuss the 1/J correction to the 
correspondence. 
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§1. Introduction 



String theory is a powerful tool for investigating the dynamics of gauge theories. This 
is due to the many kinds of dualities that relate string theory on various backgrounds and 
gauge theories. One of the most important dualities recently attracting great interest is 
AdS/CFT duality .§) With this duality, we can compute perturbative and non-perturbative 
quantities in gauge theories by using perturbative string or supergravity. One important 
example is the correlation functions in gauge theory. It is believed that there is a one to 
one correspondence between gauge singlet operators in CFT and fields propagating in the 
bulk. If we could determine this correspondence, we could compute correlation functions of 
the gauge singlet operators by analyzing the propagation of the corresponding fields in the 
bulk.il) 

In the case of AdSs/AT = 4 SYM duality, the correspondence between gauge singlet 
operators and string states in the AdS background can, in principle, be determined in the 
following way. Let us consider strings on the D3-brane background. In the region of large r, 
the background spacetime is approximately flat Minkowski. Let |r;,)circ be a string state on 
this flat spacetime. Because we consider eigenstates of angular momentum, we use circular 
wave states, |n)circ- In the weak coupling regime, D3-branes can be treated as 'branes' 
playing the role of boundary condition of strings, and we can deflne a map from a circular 
wave state |n)circ to a gauge singlet operator 0„ in the gauge theory by the relation 

(5|n)eirc = 0„, (M) 

where {B\ is the boundary state representing the coinciding D3-branes. We deflne this 
boundary state as a surface state. Because {B\ carries the information of flelds on the 
D3-branes, the product {B\n)cnc is a gauge singlet function of the flelds on D3-branes. 

In contrast to the above case, in the strong coupling regime, the background geometry 
near horizon is well-approximated as an anti-de Sitter spacetime. Let |n)Ads denote a string 
state in the AdS background. If we could solve the string wave equation on the entire 
D3-brane geometry, we would obtain the correspondence 

|n)circ ^ |"')AdS, (1-2) 

by interpolating between the wave functions of |n)circ and |n)Ads with a wave function on 
the D3-brane geometry. Combining the two relations ( |1 • 1| ) and ( |1-2| ), we could obtain the 
correspondence between string states in the AdS background and gauge singlet operators. 

It was recently shown that the string spectrum in a PP-wave background, which is ob- 
tained as the Penrose limit of the AdS background, can be solved exactly in the light-cone 



2 



formalism.Q^'u' Berenstein, Maldacena and Nastase (BMN) suggested a correspondence be- 
tween these string states and gauge singlet operators, which is now reffered to as BMN 
operators.i-* They computed the anomalous dimensions of the single trace operators pos- 
sessing large R-charge and showed that they coincide with the energy spectrum of closed 
strings in the PP-wave background. Since the work by BMN, many papers have appeared 
studying the extension of this correspondence into orbifold0*'li''i^S©'lli)'Ei)'0)'0) and open 
strings.S-'S'lli' The interaction of strings in the PP-wave and its relation to Yang-Mills 



interaction are studied in Refs.|l9| ) ,|20| ) ,|21 



The purpose of this paper is to study this correspondence in the manner explained above. 
We determine the map between string circular wave states in the flat background and gauge 
singlet operators as the relation For closed string and single trace operators, this was 

already done in Ref.24). In this paper, we consider the D3-D7 system and repeat the analysis 



given in for 7-7 open strings and non-trace operators. 

Unfortunately, we have not succeeded in constructing the string theory on the AdSs 
background, to say nothing of the D3-brane background. Therefore, we cannot obtain the 
exact correspondence between |?T,)circ and |Ti)Ads- However, if we assume that the typical scale 
of the background geometry is sufficiently large compared to the typical scale of the string 
oscillations, we can approximately separate the string oscillation from the motion of the 
center of mass. This implies that string wave functions can be decomposed into two factors 
representing the motion of the center of mass and oscillations, respectively. Therefore, we 
can obtain |n)Ads corresponding to \n)chc by replacing the wave function for the center of 
mass of the circular wave |n)circ by a wave function in the AdS background. Combining this 
and the relation between |n)circ and the 0„ we obtain qubsequently using (|l]l|), we obtain 
an operator-string state correspondence quite similar to that suggested in Ref .p!7|) . 

Because we need to use global coordinates in order to take the Penrose limit, the gauge 
theory corresponding to the PP-wave is not a theory on R^. This problem is discussed 
in several works.!!*©'© In Ref.20), it is clearly explained that the corresponding gauge 
theory is compactified on and only the KK lowest modes appear in the PP-wave/gauge 
theory correspondence. This implies that the PP-wave is dual to a certain matrix the- 

Because in this paper we discuss the duality between A/" = 4 theory 
on R'^ and string states, the correspondence obtained here should not be directly identified 
with the PP-wave/gauge theory correspondence suggested by BMN. 

This paper is organized as follows. In §^ we briefiy review the computation of anomalous 
dimensions of gauge singlet operators with Z^tree — J = I and 2 and the correspondence 
between these operators and open string states. In section |^, we study the couphng of 
7-7 open string circular wave states and D3-branes. We find that this coupling precisely 



3 



reproduces the operator-string state correspondence expected from the gauge theory analysis 
given in §2. We also discuss the 1/J correction to the correspondence. The last section is 
devoted to conclusions. 

§2. M = 2 SQCD 

2.1. Fields and symmetries 

In this section, we define the gauge theory we will discuss in this paper and briefiy review 
how the BMN operators are determined by computing two-point functions.0'''lii^S 

We consider M = 2 U{Nc) Yang-Mills theory with one adjoint and Nf fundamental 
hypermultiplets and Sp{Nc/2) Yang-Mills theory obtained by Z2 projection from the U{Nc) 
theory. [Of course, should be an even integer when we consider the Sp{Nc/2) theory.] The 
U{Nc) theory is realized on Nc coinciding D3-branes on a background with Nf D7-branes. 
The Z2 projection to obtain the Sp{Nc/2) theory is equivalent to the introduction of an 
orientifold 7-plane parallel to the D7-branes. 

We assume that the directions of the D3-branes and D7-branes are 0123 and 01234567, 
respectively, and that they are located at the origin of the transverse coordinates. We divide 
the ten coordinates (/ = 0, . . . , 9) into three groups: (yU = 0, 1, 2, 3), X* {i = 4, 5, 6, 7) 
and W = {X^ + iX^)/V2. We call these three types of directions the NN-, DN- and DD- 
directions, respectively. We also use complex coordinates composed of the DN-directions 
Z = {X^ + iX^)/V2 and Z = {X^ + iX'^)/V2. (Table |) 

Table I. The directions of the D3- and D7-branes. The angular momenta J, J and Jw are defined 
as charges associated with rotations in 45, 67 and 89 planes, respectively. 





12 3 


4 5 


6 7 


8 9 






Z 


Z 


W 


D3 
D7, 07 


0000 
0000 











The U{Nc) Yang-Mills theory consists of three kinds of supermultiplets. Two of them, the 
vector multiplet (A^, Ai,A2,W) and the adjoint hypermultiplet x), belong to the 

adjoint representation of the gauge group. The three adjoint scalar fields Z, Z and W rep- 
resent the fiuctuations of the D3-branes along the coordinates Z, Z and W, respectively. We 
also have Nf fundamental hypermultiplets, {q,q,ip,ilj), belonging to the ( ant i-) fundamental 
representation of the gauge group. 

The set of rotations in the four NN-directions is identified with the Lorentz symmetry of 
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the gauge theory. The rotation group corresponding to the four DN-directions is 5*^(1)^ x 
Sp{1)h- The Sp{l)ii symmetry is the R-symmetry of the Af = 2 theory. The symmetry 
Sp{1)h acts on the adjoint hypermuhiplet. By the two 5^(1) symmetries, scalar fields in 
the adjoint hypermultiplet and (anti-)squark fields are transformed as 

-? r '''' ( -? ) ■ 

where Ur G ^^(l)^;; and Uh G Sp{1)h- The field W is invariant under Sp{l)ji x Sp{1)h- 
The rotation group corresponding to the two DD-directions, U{l)w, represents the phase 
rotation of the scalar field W. There is another global symmetry, U{Nf), which is a gauge 
symmetry on the D7-branes and acts on the fundamental hypermultiplets. We define two 
U{1) charges, Jr and Jh, associated with the Cartan part of Sp{1)r and Sp{1)h, respectively. 
Furthermore, we define J and J by 

J=Jr + Jh, J = Jr-Jh- (2-2) 

We also define the U{l)w charge Jw- These U{1) charges and spacetime spins of each field 
are summarized in Tables p|-|V, 



Table II. Charges of the fields belonging to a vector multiplet. Ai and A2 forms an Sp{1)r doublet. 





spin 


J 


J 


Jw 




(2l,2«) 











Ai 


2l 


1/2 


1/2 


1/2 


A2 


2l 


-1/2 


-1/2 


1/2 


W 


1 








1 



Table III. Charges of the fields belonging to an adjoint hyper- multiplet. The two complex bosons 
belong to 2 X 2 of Sp{1)r x ^^(l);^, and the two fermions belong to an Sp{1)h doublet. 





spin 


J 


J 


Jw 


z 


1 


1 








X 


2l 


1/2 


-1/2 


-1/2 


z 


1 





1 





X 


2l 


-1/2 


1/2 


-1/2 



The propagators for the adjoint scalar fields are 

(Z^,(x)Zt^(y)) = {Z^^{x)Z^',{y)) = {W'j{x)W^'i{y)) = 5\5p{x - y), (2-3) 
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Table IV. Charges of the fields belonging to a fundamental hyper- multiplet. The squarks q and q 
belong to 2 of Sp{1)r. 

spin J J Jw U{Nf) U{N,) 

q 1 1/2 1/2 Nf Nc 

ip 2l -1/2 

q 1 1/2 1/2 Nf 

^ 2l -1/2 



where i, j, k and / are the color indices. We almost always omit the color and flavor indices 
in this paper. The propagators for squarks are 

{<lAi^)<lf{y)) = {Q^l{x)qf{y)) = 6l6]D{x - y\ (2-4) 
where A and B are the flavor indices. The function D{x) in these propagators is deflned by 

2.2. Gauge singlet operators 

We now consider gauge invariant operators in the M = 2 theory with large R-charges J. 
If the theory is conformal, the conformal dimension A of operators is bounded below due to 
the BPS bound as 

A>\J\ + \J\. (2-6) 

We consider only operators with small Z\ — J. The values of Z\ — J for flelds in the theory 
are given in Table |V|. At tree level, Z\ — J for a composite operator is given by the sum of 

Table V. Z\ — J of each field 



A-J 


vector mult. 


adj. hyper mult. 


fund, hyper mult. 







Z 




1/2 








1 


A,, Ai, A^, W, Wt 


X, x^ 2', z'^ 




3/2 






q\ gf, V, ^^ '0, V''^ 


2 


aJ, A2 


^^ x^ x 





the A — J for the constituent flelds. We consider non-trace operators consisting of a large 
number of adjoint scalar flelds, one fundamental scalar fleld and one anti-fundamental scalar 
fleld. Because for flelds in the fundamental and the anti-fundamental representations the 
relation A — J > 1/2 holds, for any non-trace operator, we have Z^trcc — J > 1. 
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In this paper, we consider non-trace operators for which /\tree — J = 1 or 2 that consist 
of only scalar fields. The unique non-trace operator with Z^tree — J = 1 is 

O = qZ-^-^q. (2-7) 

In order to determine the conformal dimension of this operator, we need to compute its 
two-point function. The tree amplitude is given by 

(O, O) = (Ot(x)O(O)) = N^D-'+^x) (2-8) 

Because the operator O is chiral, it saturates the BPS bound A — J— J > and its anomalous 
dimension undergoes no the quantum corrections. More precisely, this is correct only if the 
theory is conformal. This is the case only for the Sp{Nc/2) theory with Nf = 8. However, at 
the order rj = NcQyu^ easily show that the quantum correction in the U{Nc) theory 

is proportional to that in the Sp{Nc/2) theory and is independent of Nf. Therefore, we 
conclude that there is no quantum correction to the anomalous dimension of the operator O 
at order rj, even in the U{Nc) theory. 

In Ref.0), it is suggested that the operator O corresponds to the ground state of 7-7 
open strings in a PP-wave background. Open strings in the PP-wave background have only 
one ground state, while strings in flat Minkowski space have sixteen degenerate massless 
ground states. If we introduce a non-vanishing yU-parameter, the degeneracy of the ground 
states is broken, and only state remains as the ground state. We can determine which of 
the massless ground states in the fiat background becomes the ground state in the PP-wave 
background when we introduce a non-vanishing /i-parameter by comparing the charges of 
strings in both backgrounds. In Ref.|l^), it is shown that the open string ground state in the 
PP-wave background possesses J = 1. The unique such state in the massless spectrum of an 
open string in the fiat background is &^i/2l'-')-Q Therefore, we should identify this state with 
the ground state in the PP-wave background, and following the idea presented in Ref .p!7[) , 
we can surmise the correspondence 

&^i/2|0) ^ O. (2-9) 

Operators with /\tree — J = 2 are constructed by replacing one of the constituent fields 

in O^"^"*"^-* = qZ'^q by another field. We label the J + 2 constituent fields of O*-"^"*"^-' by 

0, 1, ■ ■ ■ , J + 1 from right to left. Let denote the operator obtained by exchanging the 

k-th fields in O^'^'^^^ by a scalar field X. Four kinds of operators are obtained by replacing 

In this paper we use the RNS formahsm, in which |0) is the tachyonic ground state in the NS-sector, 
and b'^^,^ is one of the oscillators of the worldsheet fermion ijj'^. 
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one Z in O'^^^^^ by 2, W or their hermitian conjugates: 

qZ^-^XZ^-\, (X = Z, Z\ W, W^) 



Of 



(2-10) 



where \ < k < J . In addition to these operators, there are two operators obtained by 
replacing one of the squarks by an anti-squark: 



^0 



qZ-^q^, O 



J+i 



q^Z\. 



(2-11) 



To estabhsh the correspondence between operators and string states, we need to compute 
two-point functions among these operators. As a result, we obtain a (4A; + 2) x (4A; + 2) 
matrix, which is often called the "string-bit Hamiltonian." By diagonalizing the matrix, we 
obtain the 'eigen-operators' with well-defined conformal dimensions. We identify each of 
these operators with each string state excited by one bosonic oscillator. 

At order 77, there are three types of non-vanishing two-point functions. Two of them are 
the diagonal components (0^,0^) and the hopping components (0^,0^^). In addition 
to these, the operators of and Oj_^_^ couple to Of^ and Of \ respectively. Therefore, it is 
convenient to define 



it 



^0 ; 



o 



it 
J+1 



(2-12) 



Computing planar diagrams with one four-point interaction, we obtain the two-point func- 
tions 



{OtOf)=Atrco{Sk,l + M, 



^k,l 



An' 



log- 



where X represents one of Z, Z\ W and and ^tree is defined by 



X 



(2-13) 



(2-14) 



The matrices M^i are given by 

/ -2 
2 



M, 



k,l 



2 

-4 
2 



V 

/ -2 
2 



-4 
2 



1,2, 



J) 



(2-15) 



it 



k,l 



-2 J 
\ 



-4 2 
2 -2 



{k,l 



0,1, 



J+1) 



(2-16) 
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M, 



wt 



k,l 



/ -4 2 

2 -4 
2 

V 



-4 
2 



(A;,/ = 1,2, 



(2-17) 



-4/ 



At leading order in 1/ J, the small eigenvalues of these matrices are given by 



P 



Correspondingly, we have 



J2 



n 
n 



0,1,2,- ■■ forX = Z,Zt, 
1,2,3,- ■■ for X = W,Wl 



(2-18) 



A- J 



VP 



4J2 



(2-19) 



Following Ref.^), this should be identified with the light-cone Hamiltonian of open strings 
in the PP-wave background. The spectrum is given byEl) 



1 + 

1=0 



2J2 



(2-20) 



where we have normalized the energy so that the ground state energy is 1 and have used the 
relation = 47rA^cfi'strtt'^ and gstr = "^T^gYU rewrite the spectrum in terms of the gauge 
theory parameters. We see that ( |2-19| ) coincides with ( f^-20D up to order 77^ when we set 
Ni = Sn,i- We can easily conjecture the correspondence between string excited states and 
'eigen-operators' of the matrices as follows: 



«!L&l/2lo) 



cos ■ 



COS ■ 



k=l 
J+1 

k=0 

E or Sin 

k=l 

k=l 



■nn{k - 1/2) 
~1 ' 

'Kn{k + 1/2) 
J + 2 ' 

link 



J+1' 
Tcnk 



sm 



J+1 



(2-21) 
(2-22) 
(2-23) 
(2-24) 



The boundary conditions for the wave functions of the operators in Eqs.( |2-2l| )-( |2-24| ) 
can easily be guessed using the symmetry argument. Because Sp{1)h and Sp{l)ii are the 
symmetries of the Lagrangian, the operators obtained from O^-'+i) by the rotation (|2-1| ) also 
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undergoes no quantum corrections. In fact, such Sp{l) rotations generate the operators in 
(|Ml| ) and with n = 0: 

^5p(i).0(^+i) ^ J2 Ol = X: of + - O^,. (2-25) 

k=l k=l 

This strongly suggests that the 'boundary conditions' for the wave functions of these opera- 
tors are Neumann. However, we cannot obtain operators with a W or insertion by these 
rotations. This is consistent with the fact that the boundary conditions for operators with 
W and W insertions are Dirichlet. 

2.3. Orientifold projection 

The Sp{Nc/2) theory reahzed on D3-branes in the D7-07 background is constructed with 
a Z2 orientifold projection from the U (Nc) theory. We divide all the fields into Z2 even and 
odd parts as 

JZ^^) = ^iJZTiJZf), (2-26) 

JZ^^) = ^{JZT{JZf), (2-27) 

J>V(±) = ^{JW± iJWf), (2-28) 

Jqi±) = ^{JqTq'), (2-29) 

where JT" is the anti-symmetric matrix used to define the Sp{Nc/2) group. If we remove all 
the Z2 odd fields from the action, we obtain the action of the Sp{Nc/2) theory. 

The gauge invariant operators in the Sp{Nc/2) theory are defined by replacing all the 
constituent fields in the operators in the U{Nc) theory by the Z2 invariant fields. The unique 
operator with /\tree — J = 1 is 

O = qJ^^JZ(-;q^^y (2-30) 
The operators for which Z\trce — J = 2 are defined by 

= gf+):rZf)'=X(+)Zf-/g(+), X = Z, Z\ W, (2-31) 

of = q^JZ'j~\\ 0§l = q^Z'q. (2-32) 

These operators have two flavor indices. Because of the Z2 symmetry, only half of these 
operators are independent. They satisfy 

Oab = -Oba. (2-33) 
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and 

{0^)ab = ±{Oj_,)BA, + for X = Z, Z\ - for X = W, W. (2-34) 

These relations impliy that the two flavor indices of the BMN operators in ( |2-21| )-( |2-24| ) are 
symmetric when n is even and ant i- symmetric when n is odd. This is consistent with the 
orientifold projections of the string states on the left-hand sides of Eqs.( |2-2l| )-( |2-24D .El' 

§3. Coupling to 7-7 strings 

3.1. Ground state 

In this section, we reproduce the operator-open string state correspondence given in ( |2-9|) 
and ( p-21| )- p-24|) by the relation ( p. -11) . We define the coupling {B\n) by a disk amplitude. 
The boundary of the disk is divided into two parts, the D7- and D3-boundaries. The vertex 
operator of the state \n) is inserted on the D7-boundary. The D3-brane boundary interacts 
with the scalar fields on D3-branes via the interaction term 

/ Y.^^^^ + SstrY^VQ. (3-1) 

^D3-boundary q 

For simplicity, we assume that the scalar fields on D3-branes are constant and that the 
fermions and the vector field vanish. The first term in (|3T| ) represents the interaction 
with the adjoint scalar fields on the D3-branes. There are six adjoint scalars, and their 
corresponding vertex operators in picture areQ 

Vz = ZdZ\ = ZdZ\ VW = WdW\ 

Vzx = Z^dZ, l/^t = 2^dZ, Vyvt = W^dW. (3-2) 

We include the wave functions of fields in the definition of the vertex operators. The operator 
Vq in ( ^-ID is the vertex operator for squarks and anti-squarks. Here, Q represents one of q, 
q, q^ and q^ . They are inserted at points dividing D3- and D7-boundaries. For each squark 
and anti-squark, the vertex operator in picture —1 is given by 

Vq = qe'^aS—, Vgt = q^ e'^ a S++ , Vg = qe'^aS—, l^^t = gV'^(T5++. (3-3) 

We call these 'twisting vertices'. Here, represents the spin operator in the DN-directions. 

The left and right superscripts represent the signs of J and J, respectively. For example, 

S has J = J = —1/2. The operator is one of the bosonized superconformal ghost fields, 

*^ In this section we use the convention in which the scalar field is anti-hermitian to avoid the 
appearance of many imaginary unitsi. 
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and the factor e**^ implies that the vertices are in picture —1. The operator a is the twist 
operator for four DN-directions. Exphcitly, a is defined as an operator satisfying© 

dX\z^)a{z^) = ^-—-r\z^) + 0{{z, - z,f'^). {i = 4, 5, 6, 7) (3-4) 

[Zi - Z2Y'^ 

From the OPE ( p-4| ), we can uniquely determine the two-point functions of the boson fields 
X* in the background with two twist operators inserted at 2; = and 2; = 00 as 

{dX\z{)dX^{z,)) = + ^] ihJ = 4,5,6,7) (3-5) 



From this two-point function, we can show that the conformal dimension of the twist operator 
a is 1/4. 

First, let us consider the ground state \() = (f^b'^-^^^^l^) with angular momentum J in the 
Z-plane. We need to construct a vertex operator for this state. This can be done as follows. 
We start from the vertex operator for the plane wave of the massless vector state, 

V^ground = UdX^ - rkui^le"'''". (3-6) 

For this state to be physical, the momentum k and the polarization ( must satisfy k"^ = 
k ■ ( = 0. We define the light-cone coordinate and the Minkowski metric as 

A^ = ^{A^±A^), A- B = A+B- + A-B+ + A'B\ (3-7) 

and we take the components of the vectors as 

{k\k+,k~) = {0,k-',0), (C,Cr) = (C,0,0). (3-8) 

We consider the time direction to be X^, temporarily. For the vectors ( p-8| ), the vertex is 

V^ground = UdX' - ij'k-ij+)e''~''\ (3-9) 

We can check that this vertex represents a physical state by computing the OPE of this 
vertex with the BRS current. For plane waves, the momenta k^ and the fields iX^ are real. 
However, we do not have to use this fact to show that ( P-9|) is a physical vertex. To prove 
that the vertex operator is physical, we need to demonstrate OPEs like 

dX+{z,)dX-{z,) = (3-10) 

[Zi — Z2) 

Therefore, we can relax the condition that the momenta k^ and the field iX^ be real 
without spoiling the physical nature of the vertex. We replace the light-cone components of 
the vectors by complex variables as follows: 

X+^Z, X- ^ Z\ k+^k^, k-^k^\ (3-11) 
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Now, instead of the condition that variables be real, the new variables satisfy the relations 
{k^y = k^'' and {iZy = iZ"^ . This replacement is equivalent to the Wick rotation iX^, 
and the 'time' direction becomes space-like. Because the OPE ( p-10| ) is left invariant 
under this replacement, it maps physical vertices to physical vertices. Therefore, we obtain 

V,round = Q{dX' - ij'k^'ij^)e'"'^. (3-12) 

This is a superposition of states with various positive angular momenta. Because the BRS 
charge is rotationally invariant, each part carrying a distinct angular momentum is separately 
a physical vertex. If we pick out the terms with angular momentum J from ( p-12| ), we obtain 
the circular wave state vertex operator 

Aground = j^UdX^Z' - (3-13) 

[We have removed the overall numerical factor (k^'')^ .] Although the norm of this state is 
not well-defined, this is a physical vertex by construction. 

We now consider the disk amplitude with V^^.^^^^ inserted on the D7-boundary. Because 
ground includes at least J — 1 fields Z, we need to insert at least J — 1 vertices Vz on the D3- 
boundary. As the number of the vertices increases, the power of Qstr also increases. Because 
we are assuming small string coupling constant Qstr 1, the dominant contribution comes 
from the amplitude with the smallest number of the insertions. Therefore, we consider the 
case that J — 1 vertices Vz are inserted on the boundary. In this case, only the second term 
of Vg^ound contributes to the amplitude. 

When determining which term contributes to the amplitude, charge conservation laws are 
useful. We can separate the amplitude into several sectors. Correspondingly, the charges J 
and J are divided into Jb and Jb carried by the boson fields X^ and Jp and Jp carried by the 
fermions ip^. These four charges are conserved separately. Because the vertex operators for 
the adjoint scalar fields do not contain fermions, the angular momentum Jp = 1 carried by 
the second term of the vertex operator V^^.^^^^ should be cancelled by the vertex operators 
of the (anti-)squarks (p-3|). Because the squark vertex and the anti-squark vertex have 
Jp = —1/2 and Jp = 1/2, respectively, both twisting vertices should be squark vertices. 
Altogether, on the boundary of the disk, two squark vertices, Vg and Vg, J — 1 vertices Vz 
and Vg^ound inserted. We use the upper half plane to represent an open string worldsheet, 
and we place one squark vertex at each z = and z = oo. The positive and the negative 
parts of the real axis represent the D3- and D7-boundaries, respectively. The J — 1 vertices 
Vz are inserted on the positive real axis at positions Zi satisfying 

< Zi< Z2< ■■■ < Zj_2 < Zj-i < OO. (3-14) 
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Fig. 1. Worldsheet representing the amplitude {B\Q. 

We place the 7-7 string vertex at z = —1 (see Fig. |l]). 

We fix the residual SL(2, R) diffeomorphism by fixing the coordinates of the vertices of 
q, q and the 7-7 string, and we have the following expression for the disk amplitude: 

m)=9L d'-'^{ c^?(oo) Vzizj^i) ■■■ Vz{z^) cVM cV^,,,^^{-l) ) 

+0{git'). (3-15) 
The integral d'^~'^z in (|3-15|) is an integral over J — 1 variables satisfying ( p-14|) : 



oo POO rzj-i PZ3 PZ2 

d'^~^z = / dzj_i / (izj_2 ■ ■ ■ / dz2 / dzi. (3-16) 
'0 Jo Jo Jo Jo 

We normalize the correlation functions in each sector according to 

(c(oo)c(0)c(-l)) = (e**(cx))e'<^(0)) = (a(oo)a(O)) = (5++(oo)5— (0)) = 1. (3-17) 



As we mentioned above, due to conservation of Jp, only the second term in the vertex (|3-13|) 
contributes to the amplitude. If we first evaluate the ip'^ sector, we have 

(5-(oo)5-(0)V;i_,(-l)) = Cz^^y^^- (3-18) 



After using the normalization ( |3-17|) , we are left with the product of J — 1 bosonic two-point 



functions and the integral over Zk as 

/j-i 
d'-'zl[{dZ^{z,)Z{-l)),^,^,,^ + 0{git'). (3-19) 
k=i 

where (■ ■ ■ ) represents the correlation function in the background with the twist operators 
cr(0) and cr(oo) given in (^). This correlation function is a double- valued function, due 
to the twist operators. To treat such a propagator, it is convenient to use the covering 
coordinate w = z^l"^ on the Riemann surface. Under the coordinate transformation, the 
propagator takes a simple form, without square root, 

(pz\w^)dZ{w2)) = ^ + ] (3-20) 
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Integrating this with respect to W2, we have 

1 



{dZ^iw^)Ziw2)) 



1 



2wo 



{Wi - W2) {Wi + W2) 



w. 



2 ' 



and each integral in ( p-19D can be rewritten as 

{dZ\zk)Z{-l))dzk = I {dZ\wk)Z{i))dwk 



2idwk 



This is further simphfied if we introduce a coordinate u defined by 

1 -u 



w 



l + u 



Using this coordinate, (|3-22|) is rewritten as 

{dZ\zu)Z{~l))dzk 



duk 

Uk ' 



(3-21) 



(3-22) 



(3-23) 



(3-24) 



By this coordinate transformation, the worldsheet (the upper half plane in the z coordinate) 
is mapped into the upper half unit disk {u\ Imu > 0, |m| < 1} in the w-plane, and the vertices 
of the adjoint scalar fields are inserted on the arc of the half disk (see Fig. |^). We have the 




Fig. 2. The upper half plane in the z-coordinate (Fig. ||) is mapped into the upper half unit disk 
in the n-coordinate. 



following expression for the amplitude in this coordinate: 

j-i 



{B\0 = gLC~z(qZ'-'q) J 



/ 


du 




u 



1 + 0{gi^'^ 



^str 



(3-25) 



Here, j[du/uy~^ represents integration with respect to the J — 1 variables Uk on the arc 
of the half disk. We can easily carry out this integral by introducing angular variables 6k 
defined by = 6*^*=. We have 



'j-i 



du 



u 



n J-1 



d'-'e 



,J-1 



(3-26) 



{j-i)y 

where d^~^9 is defined similarly to ( ^T(j| ). We obtain the final result as 

{B\0 = gijj-iC-zO + Oigi"^'). (3-27) 

This equation implies that the state h^^i^\Q) is mapped to the gauge singlet operator O and 
the other ground states are mapped to operators that do not consist only of scalar fields. 
This is consistent with the correspondence (E 
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3.2. Excited states 

Next, we consider the excited open string state \n,^,() = ^M'^-nCi^^-i/2lO) with angular 
momentum J. The vertex operator for such circular wave excited states can be obtained 
with a the Wick rotation of a plane wave. Let us start from the plane wave vertex operator 
obtained from the DDF construction,!!!''© 

^Vi{w)V2{z), (3-28) 
where the two operators Va (a = 1, 2) are defined by 

= C^idXt" - ij^p^ij'')eP^^\ V2 = C/.(«9X'^ - VKV)e'''^'. (3-29) 
We choose the vectors p, k, ^ and ( with the following components: 

{p\p^,p^) = (0,p+,0), {k\k+,k-) = (0,0, A;-), 

(r, n = (r, o, o), (c, c+, c^) = (c, o, o). (3-30) 

The level n of the excitation is determined by 

p+k- = -n. (3-31) 
We employ the normal order for the fields in (|3-28|) 



as 



After this regularization, we carry out the Wick rotation through the replacement 
Then, we have the following expression for the excited vertex operator: 



excited V ; J 27ri {w - zY 

X i.idX\w)-p^i)\w)^^\w)) 

X C,^{dX\z)-k^^^\z)^^{z)). (3-33) 

Note that we should carry out the Wick rotation after regularization by the normal ordering 
(|3-32|) , because the operator e^^^^'-^'^e'^^ without normal ordering is not well-defined. If 
we pick up a part with angular momentum J, we obtain the following vertex operator for a 
circular wave excited state: 

K'xcited(^) = f ^r^^ E ■ fj-sAZHw), Z{z)) : rs{w, z). (3-34) 
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Here we have removed the overall factor {k^'^Y . The function represents the wave 
function of the center of mass, and JF, represents the excitation of the string. The total 
angular momentum J is the sum of the orbital angular momentum J — s carried by fj-s,n 
and the internal spin s carried by JF,. The wave function „ and the operator JF, are defined 
by 



fL,n{Z\Z)=Y, 



fe=0 



k\{k + L)\ 



and 



J',{w,z) = i,dX\w)QdX^{z)+ni,,lj\w)Qilj'{z)'ilj^\w)ij'^{z 



r-i{w,z) = n^iij\w)ip^\w)CjdX^{z 



(3-35) 

(3-36) 
(3-37) 
(3-38) 



respectively. 

First, let us consider the spin-one term contribution. We denote it by {B\n,^,Qs=i- 
Because the spin-one term includes J — 1 fields Z in fj-i-n and one field ^idX^ in J-'i, 
there should be J — 1 vertices Vz and one vertex Vx inserted on the D3-boundary, and the 
non-vanishing contribution is represented by 

k=l 

■ ■ ■ Vz{u{) cV,{l) cy/it:P(0) ) + 0{g'^'). (3-39) 

Here we use the n-coordinate from the beginning. The normalization (|3-17| ) in the 2;-plane 
is equivalent to the following normalization in the w-plane 

4(c(l)c(0)c(-l)) = (e^<^(l)e^^-l)) = (a(l)a(-l)) = = 1. (340) 

The factor 4 in the ghost sector comes from the conformal factor dz/du\u=o = 4. This 
rescales the ghost operator at m = by 4. We do not have to take account of the rescaling 
of other operators at m = ±1, because their conformal factors cancel each other. 

As we have seen in §3.1j , each pair of operators dZ'^ and Z contracted is replaced by 1/u. 
As a result, we obtain 



k=l 





du 




f 








u 





du' 1 



x{S-{l)dXi{uk)J'i{u\Q)S- 



2ni m'" 
1)) + 0{g.^ 



J+2\ 
str / 



k=l 



/ 


du 




u 



n J 



Uk 



du' 1 



27ri u 



-{dX\uu)dX={u')) 



J+2\ 
str ) 



(3-41) 
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To obtain the last expression in ( |3-41| ), we have used the relation 

(5'-(l)^^(0)^^(0)5-(-l)) = -4. 
The two-point function of the scalar fields in the w-plane is given by 

1 1 / 1 



(3-42) 



{dX{m)dx\u2)) 



{Ui - U2Y ^ (1 - U1U2Y 

+ for X = Z,Zt, Z, Z\ 
- for X = 



E 

n=l 



n 



Ml 



n—1 \ „,n—l 



U 



2 5 



(3-43) 



(Here we have assumed \ui\ > \u2\ to obtain the last expansion.) Substituting this into 
(|3-41|) , we obtain 

J 



{B\n,^,0s=i = 9it'Yl 



k=l 



f 


du 


J 




u 





where e'^*^ = Uk- We have to compute an integral of the form 



(3-44) 



(3-45) 



where the function f{9k) depends on only one variable, Ok- By integrating over the J — 1 
variables 9i {I k), we have 



d^-^e / d-'-^of^Ok 



J-k, 



d9k 



(k-iy. {j-k)\ 



f{Ok). 



(3-46) 



Here, we assume that J is very large and that both k and J — k are of the same order of 
magnitude as J. Then, this integral can be evaluated by the steepest descent method, and 
we have 



d'ef{dk) + o{i/j), 

where 9k represents J even interval points in [0, vr] defined by 

k 



Ok 



-vr. 



(3-47) 



(3-48) 



J+1 

Therefore, we can replace the integrated variables Ok in (|3-44|) by Ok- With this replacement, 
we obtain 

J ^ _ 



k=l 



htv ) 



(3-49) 
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Next, let us consider the contribution of the spin- zero term : fj^n '■ ^o- Because the 
spin-one contribution is of order (7^^^, we ignore any contribution of higher order than it. 
Because : : includes at least J fields Z, each of the J insertions on the D3-brane boundary 
should be a Vz to obtain a non-vanishing amplitude. Because JFq has Jp = 0, one of the 
two twisting operators should be a squark, and the other should be an anti-squark. There 
are two possibilities. One is that the two twisting vertices are V^(l) and V^t(— 1), and the 
other is that they are Vgt(l) and V^(— 1). Let {B\n,C,,()q,q-i and {B\n,C,,()q'(,q represent the 
contributions of the former and the latter possibilities, respectively. Because these two can 
be treated analogously, we treat only {B\n,^,()q,q-i in detail and we give only the result for 

{B\n,^,C)qf,q- 

The amplitude we wish to compute is 

{B\n,^,Cyq,q^=9it' j d'ui^ cV~,{-l) Vz{uj) ■■■ 

■ ■ ■ Vz{u,) cV5t(l) cK£t:?(0) ) + 0{gir). (3-50) 
If we use the normalization (p-40|) and {dZ'^{u)Z{{])) = 1/u, this amplitude reduces to 

+0{gir). (3-51) 

The quantity JFg, defined in ( p-37| ), consists of two terms, a bosonic term and a fermionic 
term. The bosonic term contribution is computed using the correlation function ( |3-43| ), and 
we have 

\9iVljO^{izC~z, + i~z,C~z - iwCw^ - iw<w) + 0{git^) n = 1, 
4 (3-52) 

0{git') n > 2. 

To compute the fermionic term contribution, we use the following correlation function of 
fermions in the -u-plane with background S (— 1) and S'"*""''(l): 



/ iXf \ ,Xt/ x\ I-U1I+U2 ( 1 1 

{i^'^Mij'' {u2)) = \ -r—i — — : ^ 



1 + Ui 1 — ?i2 V^l ~ ^2 1 — U1U2 

- ioT X = Z, Z, ^ ^ 

' ' 3-53 
+ for X = W^. 

Combining two propagators, we obtain four fermion correlation functions as follows: 

1 — u 
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^ + - + 7 + 8u + + + + ■ ■ ■ + 8u" ■ ■ • , (3-54) 



V? u 



{i,\u)i^~''m'\u)i,'m = 1(1 - u'), (3-55) 



{ij'^\u)ij'^m^\u)ij'm = ^(1 + uf, (3-56) 
(V'^(m)V''^'(0)^^'(m)^^(0)) = ^(1 + uf. (3-57) 
From these, we have the fermionic term contribution 

(i?in,e,c)|r"" 

-(^^i+i/jOf (7e^tCz - e^Czt + ew-tC^y + ew/Ciyt) + 0{gif), n = 1, 
4 (3-58) 

Wt^/jOo^e^tCz + (^(^?/tf ), ^ > 2. 

The sum of (|3-58| ) and (|3-52|) is 

= 2gifnIjOf^^,Cz + Oigif)- (3-59) 

The other contribution of the spin term is obtained by replacing the two twisting 
vertices Vq{—1) and V"qt(l) by V^t(— 1) and Vq{l), respectively, and we have the following 
contribution proportional to Oj_^_^: 

(S|n,e,C),t,, = -2ni~rgit'ljOi^,^~,,Cz + ^igif)- (3-60) 

Finally, we easily see that the spin —1 term does not give a contribution of order gsi~^^. 
Summing up all the contributions, we obtain the following amplitude: 



(5|n,e,C) = {B\n, ^X)s=i + {B\n,^Xh^t + (i?|n,e,C),s, 

J 

= 2git'nIj^^C^ X Yl Ok cosine 



k=l 

+ 2git'nIji~,,C~z X ( J] of ^ cos(n^,) + - {-TOi^, 

\k=l 
J 

- 2tgi^^nIjiwC,~z x sin(n^, 



k=l 
J 



- 2zgifnIAw<z x E ^i^^^^'^) 

fe=i 

+ Oigif)+OiJ-'), (3-61) 
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where 6k = vrA;/(J+ 1). This couphng precisely reproduces the correspondence (|2-21| )- (|2-24|) 
obtained using gauge theory analysis, up to the higher-order terms + 0{J^^). 

To this point, we have considered the map from string states in the background with- 
out an orientifold plane to operators in the U{N^ theory. With this, it is straightfoward 
to obtain the map from string states in the orientifold to gauge singlet operators in the 
Sp{Nc/2) theory, because the Z2 projections in gauge theory and string theory are carried 



out consistently, as mentioned in ^ |2.3 . 
3.3. 1/J corrections 

In the computation of the disk amplitude given in § |3.2| , we replaced the integrated J 



coordinates 6k in (|3-44|) by the even-interval points 6k = vrA;/(J + 1). This is possible when 
the angular momentum J is sufficiently large. In fact, the integral (|3-46|) can be carried 
out analytically even in case of finite J. Therefore, it is interesting to compare the finite J 
correction in the gauge theory with that in the string theory. 
The integral ( p-46| ) is carried out using the formula 

where i-Fi(fc, J, z) is the hypergeometric function defined by 

J,z) = f2 77T^^' (^)- ^k-{k + l)---{k + m-l). (3-63) 

m=0 WJm"^- 

When both k and J are sufficiently large, we can replace {k)m and (J)m by k"^ and J"*, 
respectively, and we obtain 

iFi{k,J,z) =exp — + 0{J-^). (3-64) 

If we ignore terms of order 0{J^^), we obtain the results given in § p.2[ Inversely, we can 
obtain the exact result for finite J by replacing the triangular functions in ( P-61| ) by the 
hypergeometric functions according to 

-p^\ ^ J + l,7rm) + iFi(fc, J + l,-7rm)], (3-65) 

^ -[iFi(A;,J + l,7rm)-iFi(A;,J + l,-7rm)]. (3-66) 

Unfortunately, the wave functions in the operators ( 2-21 )-( ^-24 ) obtained in the gauge theory 
and in ( p-65|) and ( |3-66| ) obtained in the string theory do not coincide at finite J. 

In Refs.|S^) and |^) , 1/J correction to the light-cone Hamiltonian of strings and two-point 
functions of gauge singlet operators are studied, and a result that is consistent in the string 
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and gauge theories is obtained. The (9(1/ J) correction we have obtained above is different 
from the correction studied in Refs.|39D and ^). They showed that mixing among operators 
with more than two insertions can be reproduced in string theory by taking account of 
the finite radius correction to the PP-wave metric. In our analysis, we consider operators 
with only one insertion and we do not use the curved background metric. One possible 
origin of the disagreement between the 1/J corrections in the gauge theory and the string 
theory is the mixing of states in the relation between |n)circ and |n)Ads- Although we cannot 
construct a string theory on a D3-brane solution background, the semiclassical treatment 



used in Refs.p]),^2D,^) may be useful in determining the corrections to the relation between 



|n)circ and |n)Ads- We leave this problem to a future work. 

§4. Conclusions 



In this paper we have investigated couplings between 7-7 strings and D3-branes. We 
computed the inner products of boundary states of D3-branes and the string circular wave 
states as disk amplitudes. We showed that the ground state b^^^^lO) and the excited states 
mapped to the chiral operator qZ'^^^q and BMN operators in (f2-21| )-( P^-24| ), 
respectively, by the relation ( |1-1| ). 

The difference between the correspondence we obtain and that found in Ref.p!7|) is that 
our string states are circular wave states in flat spacetime while those in Ref.|l^ are string 
states on the PP-wave background. In order to obtain the correspondence between operators 
and string states in AdS, we need to study the propagation of strings on the D3-brane 
background. 

We also discussed the 1/J correction to the operator-string state correspondence. Unfor- 
tunately, the correction in the gauge theory and the result of the string theory computation 
do not agree at higher orders of 1/J. 
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